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admit  o f  a dominated estimate with constant  p / p  - 1. But the contract ions T ,  

approximate T in the strong operator  topology,  so T admits  o f  a dominated 

estimate with constant  p / p  - 1. 
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derholm's Theorem to show that if zl and z2 are commuting non-singular point 

transformations with z2 periodic (see Section 2 for definitions), then for every 

5 > 0, there exists a periodic non-singular point transformation z~ such that z~ 

commutes with z2 and p{x: z~x ~ zlx} < 5. In Section 3, we apply the principal 

result to show that a convex combination of isometries of Lp(0, 1) of the form 

Tf(x)  =f (xk)  " (kx k- 1)1/p admits of a dominated estimate with constant p /p  - 1 

2. An analogue of Linderholm's theorem 

In this section we will assume that (X, ~' ,  p) is a Lebesgue space, i.e., that it is 

separable, complete, non-atomic, and p(X) = 1. Let z be a point transformation 

of X into itself. If  z is one-to-one, measurable in the sense that zA ~ ~" if and 

only if A ~ ~' ,  and if p(zA) = 0 if and only if p(A) = 0, we say that z is non- 

singular. If  there exists an integer N such that for almost all x ~X we have 

zNx = x, we say that T is periodic. If  there exists an integer n such that for almost 

all x belonging to a set A we have znx = x, where n is the least such integer, we 

say that z has period n on A. 

The main result of this section is the following: 

THEOREM 2.1. Let ~ and tr be two non-singular point transformations of the 

Lebesgue space ( X , ~ , # )  with T periodic. Then given 5 > 0 ,  there exists a 

periodic non-singular point transformation t~ 1 o f (X ,  ~ ,  I~) such that tr ~ commutes 

with ~ and 

/~{x: a~x ~ ~x} < 5. 

This is a generalization of Linderholm's approximation theorem: 

LINDERHOLM'S APPROXIMATION THFOREM. Let a be a non-singular point 

transformation of the Lebesgue space ( X , ~ , l O  and let e > 0. Then there exists a 

periodic point transformation z such that 

~{x: ~x ~ ax} < 5. 

In [3], p. 71, there is a proof of this theorem in the measure preserving case 

that is easily adaptable to the non-singular case. 

The bulk of the proof of Theorem 2.1 is contained in the following three lemmas. 

LEMMA 2.1. Let z and a be two commuting non-singular point transforma- 

tions of the Lebesgue space (X, ~ p) such that z is periodic with period n and tr 

is anti-periodic. Then for every integer m, there exists a measurable set A of  

positive measure such that the sets 
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A, aA , . . . ,  a ~ -  1A, zA, azA , . . . ,  a '~ ~ zA , . . . ,  z ' -  ~A, az ~- 1A, . . . ,  a '~- ~z'-  1A 

are all disjoint. 

PROOF. We show that if k < n - 1, the existence of a set Ak_ 1 of positive 

measure such that the sets 

Ak-  1, aAk-  1 , ' " ,  a'~- 1Ak_ 1, ZAk- 1, aZAk- 1 , ' " ,  am- lZAk_ ~ , ' " ,  

Z~- 1Ak-  1, aZAk-  1,'" ", am- i ~ Z k -  i, "" ", ~k- 1Ak - 1, 

are all disjoint implies the existence of a set A k of positive measure such that 

Ak, "", a " -  1A k, ZAk, ..', a " -  1Ak, " . ,  ~kAk, " ' ,  a " -  l~kA k are all disjoint. This will 

establish the lemma by induction since Linderholm's approximation theorem 

yields the existence of Ao. 

We proceed in two steps: 

(i) We show the existence of A k_ 1 implies that there exists a subset B of A k_ 

of positive measure such that zkB, B, aB, ..., a " - ~ B  are all disjoint. This also 

implies that zkB, B, aB, ..., am- 1B, ~B, ..., am- ~zB, ..., ~k- ~ B, ..., a m- ~ k -  ~ B are all 

disjoint. 

(ii) We show that the existence of a set B such that B, aB, ..., a" -~B, . . . ,~k -~B,  

�9 .., a m- xz k- IB, zkB, ..., a t-  l"~kB, 1 < l < m, are all disjoint implies the existence of  

a subset C of B of positive measure such that C , " . , a m - ~ c , . . . , a ' n - l z k - ~ c ,  ZkC 

�9 " ,  a t - l z kc ,  atzkc are all disjoint. This and (i) implies the existence of A k. 

In both (i) and (ii), we use the fact that if two transformations a and �9 are such 

that a(A) = z(A) (modulo a null set) for every A ~ ~ ,  then a and z are the same 

almost everywhere. To see this, note that a(A) = z(A) (modulo null sets) implies 

that ~-~a is equal to the identity as a set transformation (modulo null sets), and 

hence is a measure preserving transformation. But since (X, ~ ,  #) was assumed 

to be a Lebesgue space, this implies that 3 - l a  is isomorphic to the identity point 

transformation (see [-3], or [-1,pp. 69-70]). 

(i) That z is periodic and a antiperiodic implies that there exists a subset B 1 of 

Ak_ 1 such that #(zkB1AB1) ~ O. If  p(B1 - zkB1) ~ O, put C1 = B1 - ~kB1. Other- 

wise, put C1 = z - k ( z k B 1 -  B1). Then C1 and ~kC 1 are disjoint. Since z is non- 

singular, we have #(Ct) > 0. 

Continuing by induction, suppose we have a subset C~ of AR_ ~ of positive measure 

such that C~, aCi, " . . ,a~-lCi,  zkci, i < m, are all disjoint. Since a is antiperiodic, 

there exists a subset B i + 1 of Ci of positive measure such that #(a ~B i+ 1AzkB~+ 1) # O. 

If  #(aiBi+t - "ckBi+l) ~ 0, put Ci+ 1 = a-i(a'B~+l - "~kBi+l). Otherwise, put 
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C,+ 1 =,r-k(zkB~+l--thBi+l). Since z and a are non-singular, p(Ci+l)>0.  

(i) is established by putting B = Cm. 

(ii) The only place a(al-l~kB) can intersect 

\o=j=m-1 U ' b l  
O<-_i<=k-1 

is onUk=o "riB. Since a and "r commute, this intersection must also be restricted to 

U"~So 1 aiB. Since z is periodic and a is antiperiodic, there must exist a subset G 

of B of positive measure such that I t (GAzka lG)  ~ O. If #(G - "rkatG) ~ O, put 

C = G - "~kaIG. Otherwise put C --  "~-ktT-l('ckalG --  G). Again, that a and �9 are 

non-singular implies #(C) > 0. 

We remark that the above proof applies to any pair of commuting point trans- 

formations such that for every pair of integers k, l, 0 < k <_ m, 0 < l < n, kl ~ O, we 

have It{x: "ckx = a lx}  = O, I t{X: "~kx = X} = O. 

LEMMA 2.2. In Lemma 2.1, the set A (for a fixed m) may be chosen to be 

maximal  in the sense that if  A c B, It(B)> It(A), then there exist i , j ,k ,  l, 

l < i < n -  I, 1 N j < n - -  1, l < k < m - 1 ,  l < _ l < m - 1 ,  such that 

It(zia k Br" ) zJaZB) > 0, where either i r j or k ~ l, or both. 

PROOF. Consider the family of collections d of sets E~, where E ~ ,  

It(E,) > 0, and 

/ o ~ / _ < n - 1  J / o_< i_~n- i  = 
\O~_j-<__m-1 / \O<_j<_m-1 

for g :~ ft. Partially order such ~r by inclusion. The Hausdorff maximal principle 

yields a maximal collection ~r Since It(X) < oo, ~'lcontains at most a countable 

number of sets; thus A = U ~ . ~ E ~ e ~ .  Finally, suppose B = A, It(B)>/~(A), 

and B, aB, ..., a m- 1B, TB, azB, ..., a ~-  I~B, ..., ~ -  ~ B, az ~- I B, ..., a m- lz~- i B are all 

disjoint. The collection ~'2 = ~r B - A} is again of the sort considered and 

properly majorizes d 1, contradicting the maximality of ~r 

LEMMA 2.3. Let ~ and a be two non-singular point transformations of  the 

Lebesgue space (X , .~ ,  It), where z has period n and a is antiperiodic. Then given 

an integer m and e > O, there exists a measurable set F of positive measure such 

that the sets F, aF, ..., am-IF, "rF, trzF, ..., a~-~zF, ..., z~-~F, azn-~F, ..., a m-~ 

~n-iF are all disjoint and 
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PROOF. Choose an integer p so large that 1/p < e. By Lemma 2.2, choose a 

maximal set A of positive measure such that the sets A, aA, . . . ,  tr "p-  1A, zA, azA 

..., amp - l zA , . . . ,  z" - 1A, az"- 1A, . ' . ,  a rap- iz" - 1A are all disjoint. 

Since a and z commute, i fB is a subset of amP-lz~A, 0 -< i < n - 1 such that 

o~B is disjoint from 

C = U a i'ciA, 
O<_i<_rap-1 
O<_j<=n-1 

then for every j,  0 < j < n - 1, tTk'cJB is disjoint from C. Therefore, there can 

exist no subset D of[..J~.-~amP-lzJA of  positive measure such that akD is disjoint 

from C for all k, 1 _< k < I where l > m p  - 1, for otherwise a(D["~amt'-lA) would 

provide a way of enlarging A, which contradicts the maximality of A. 

Let E~k be that subset of z~A, 0 < i < n - 1, such that /r is the least positive 

integer such that tTk+mP-IEik intersects C (and hence [..J~'jolziA). For each i, 

1 <- i <  n - 1, #(z 'A --[,.J~'flEik)= 0, for otherwise a-mp(A --I,.Jk2~Eok) = D1 

would be a set of positive measure such that D1, aD1,.. . ,amp-~D~,zD~,azD1, 

�9 .., a mp- lzD~, ..., z " -  ~D1, az ~- ~D~, .-., a ~p- ~x"- iDa, would be disjoint from each 

other and from C, so that D~ would provide a way of enlarging A, again con- 

tradicting the maximality of A. 

Thus/~(X - C) = 0, since we now have that C is invariant under z and a; for 

otherwise we could find a subset A~ of positive measure of X - C with the same 

property as A which would contradict the maximality of A. 

Put 

n-- 1 m p + k -  2 

S~ = [,.J E~, ~k= [_J a%, 
i = 0  i = 0  

H~k = {,.J aJSk i < 
j = ( i - 1 ) m  m 

,ml [ ] 
= [.J aJSk i =  . m p + k - 2  

j = ( i - 1 )  

where lx]  is the largest integer < x. 

Now for every k, at least one of the HLk has measure less than p-  ll~(Gk), since 

there are at least p H~ k. Choose one of these, Ht k say. Put 
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('0 2 )u("'" '""- '  ) Fk = fflmEok U 0"(i+l- 1)m+tEok 
\ i = 0  i = 0  

where t = k - 1 - m [ k  - 1 ]m]. Note that Fk is constructed by taking Eok and 

each " m t h "  iterate under a of  Eok until one iterate is contained in H t_ 1.k. We then 

add to Fk all the " m t h "  iterates under tr -1 of  aml'-~+k-~Eok until one of these 

iterates is contained in H~.~.Thus the sets Fk, aFk, ..., a m- I Fk, zFk, azF~,, ..., a m- ~zF~, 

�9 .., z " -  1Fk, trz" - 1Fk,.. . ,  a m- lzn-  1Fk are all disjoint, and if 

O~_i~_m-1 
O<j<=n-1 

(Gk -- Uk) = HI:,. 

mp I f  F = U k  = 1Fk, then F, aF , . . . ,  a m- 1F, zF, azF , . . . ,  a m- l zF , . . . ,  z n- 1F, az n- 1F, 

�9 " , o m - l z n - l F  are all disjoint, and 

o~_i~_m-~ k=l P Q.E.D. 
O~J<n--I 

PROOF OF THEOREM 2.1. We first note that since "r and a commute, the sets 

on which either x or a has period k, for any integer k, are each invariant under 

both �9 and a. Let n be the least integer such that z 'x  = x for almost all x ~ X. I f  we 

normalize those sets of  positive measure A k where "r has period k < n and show 

there exists o-~ defined on Ak such that a~ commutes with z and IA{x: a~x ~ ax}  

< ~, where/~k is p normalized so that Ak has measure one, then we may define a ~ 

to be a~ on Ak, and have that a ~ commutes with �9 and 

l l{x : a l x  # ax}  = ~., lt{x : x ~ A:,, ak x # ax} < • ep(Ak) < e 
k k 

where the sums extend over all k such that A k is defined. Thus we may assume 

without loss of  generality that ~ has period n. 

Let Bk be the set on which a has period k. Since/t(X) = 1, there must exist 

integer N such that p(~~ < e/2. Define a 1 to be tr on Bk, 1 < k < N ,  and 

the identity on Bk, k > N .  

Let m be an integer such that 1 / m  < 8/4, and choose ~5 > 0 such that for every 

measurable set A with /z(A)<fi ,  we have # ( A U t r - l A U . . . U a - " A ) < e ] 4 .  

W = (X -U~~ is invariant under both z and a. If/~(W) > 0, we may apply 

Lemma 2.3 to find a subset A of  W such that the sets A, trA, ..., a m - M ,  zA,  <rzA 

�9 .., a m- i rA , . . . ,  z " -  1.,4, trz"- 1./I, ..., a m- lz" 1A are all disjoint and 
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D = W - U ziaJA 
O < i < n - 1  
O ~j <n-1  

has measure less than 6. At least one of  the sets C k = Uin.=-olak'ciA has measure less 

than 1 /m,  C, say. Put  B = a - ( ' - ~ - ~ A .  Then the sets B, aB,.. . ,am-IB, zB, azB, 

�9 .., a 'n- ~zB, ..., z " -  ~B, az ~- 1B, ..., a " -  ~z~- ~B are all disjoint, I,.J~'-o ~ a m- ~z ~B = Ct, 

and 

E = W -  

We define a t on W by 

Then 

U z laJB ~ 0 a-~D" 
O<=i<=n-1 i = 0  
O<j<_ra-1 

a l x  = a-reX x ~ C  t 

= x x ~ E  

= ax otherwise. 

P{x: alx # ax} = l~(Cz) + #(E) + #(k~=n Bk) 

i 

Also, a ~ commutes  with z, since a ~ is the identity on E which is invariant under ~, 
- - ra  n - - I  i and for  x e Ct, a x ~ . J ~ ;  o ~ B, so a-m~x = ~a-~x.  

3. Pdncipul result 

Recall that  we have assumed p fixed, 1 < p < + ~ .  I f  T is a linear operator  o f  

Lp(X, ~ ,  I~) with norm less than or  equal to one, we say that  T is a contraction.  

I f  there exists h ~ Lp(X, ~ , # ) ,  h > 0, such that  Th = h, we say that  T has a 

positive fixed point.  In  [2],  it was shown that  positive contractions of  Lo(X, ~ ,  I~) 

having a positive fixed point  admit  o f  a dominated estimate with constant  p/p - 1. 

This result implies the following lemma. 

LEMMA 3.1. I f  T 1 and T 2 are commuting periodic positive invertible 

isometrics of Lp(X,~,p) ,  then T = ~T 1 + (1 - ~)T2, 0 < ~ < 1, admits of a 

dominated estimate with constant pip - 1. 

PROOF. Since 0 < ~ < 1, we have tha t  T is a positivea contract ion o f  Lp(X, ~ ,  #) 

That  T x and T 2 are periodic implies that  T 1 and T2 have positive fixed points,  hi  
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and h2 say. Let n be the period of TI, m the period of T2. Since for every integer k 

we have Tkhl is a fixed point of T1 and Tkh2 is a fixed point of T2, we have that 

n - - 1  h= h I + T2ha +...  + T'~ - l  hl + h2 + Tlh2 + ''' + T~ h 2 

is a positive fixed point of both T 1 and T2. Hence h is also a positive fixed point 

of T~ and T admits of a dominated estimate with constant p/p - 1. 

It is a result essentially due to Banach that the positive inverfible isometries of 

Lp(X, ~ ,  It) can be represented in the form 

r f  = ( f  0 ~) ~---d~--] ' 

where f o  T means ( foz)  (x)=f(zx),  poz  is the measure defined by (#oO(A) 

= It(~A), and where ~ is a non-singular point transformation of Le(X, ~ ,  It) (see 

[4]). In order to apply the results of the previous section, we prove the following 

two lemmas to show that if T is periodic then so is its associated point trans- 

formation, and that if two positive invertible isometries commute, so do their 

associated point transformations.! 

]-,EMMA 3.2. Let T be a periodic positive invertible isometry of Lp(X, ~ ,  It), 

where (X, ~ ,  It) is a Lebesgue space. Then T is of the form 

{dIt oq 
Tf  = ( f  o "0 k--~7--- ) 

where �9 is a periodic non-sinoular point transformation of ( X , ~ , I t ) .  

PROOF. For every A ~ oj  and positive integer k, we have 

~ " - - ~  ~ 0 dIt o aIt = I~-"-d-'~ ] ~ zd(It ~ "O 

f ,  dIt o z t 
A dIt dIt Itoz*(~A). 

Therefore, we have that 

dit~ 
dit 

and by induction, 

d# o z = dit o ~(k+*) 

d# d~ 

{dit o ,k] Xlp 
= q o  : )  �9 



Vol. 11, 1972 DOMINATED ESTIMATES 9 

Let T have period n. Since p(X) < 0% 1 ~ Lv(X, ~ ,  #) and T"(1) = (d# o z"/dl~) lip 

so for every A ~ ~-, T"0(A)= (Xa e z n) = ZA, so that (X, ~',/1) a Lebesgue space 

implies z"x = x for almost every x. 

LEMMA 3.3. Let T~ and T 2 be two commuting positive invertible isometries 

of Lp(X, ~r, I~) of the form, 

T2 f  = ( f  o %) [d# o z 2 ~'lp 
] 

where z 1 and ~2 are non-singular point transformations of the Lebesgue space 

( X , ~ , # ) .  Then zl and z2 commute. 

PROOF. First note that for every A ~ ~ ,  

d# o zld # o zl = d/t =/2(z2"clA ) 

that so 

dl~ o z 2 d# o %% 
d~t ~  d# o z 1 

and 

1 d# %" dl.t ] =(fo'r2zl) dlt 

and similarly 

T 2 T l f  = f o  %%(-dP d~ -] 

Now/~(X) < 0% so 1 E Lp(X, ~' ,  #) and since T t and T 2 commute, we have 

d# o z2zl dlz o zlz2 
d~t d# 

Therefore, if f = XA, A ~ ,  we have 

for almost all x ~ X, so that (X, ~J, p) a Lebesgue space implies ~z2x = z2zlx for 

almost all x ~ A. 

We now prove our main result. Note that the restriction that ~(X) < oo that 
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is inherent in the assumption that (X, ~', p) is a Lebesgue space can be lifted by 

considering operators of the form T , f  = Xa." (T(za,.f)), #(An) < 0% limn~ooA n = X. 

TnEORFM 3.1. Let ( X , ~ , p )  be a Lebesoue space and let T be a contraction 

of Lv(X, ~ ,  IX) of the form 

T f  = aT~f  + (1 - ~t)T2f, 0 < ~ < 1, 

where T 1 and T 2 are commuting positive invertible isometries of Lp(X, ~ ,  ~) 

and T 1 is periodic. Then T admits of a dominated estimate with constant 

p /p  - 1. 

PROOF. We may write 

~dix o'r,~'l~lP 

T 2 f = ( f ~  ( ~ ) l l p  

where z t and z2 are non-singular point transformations of (X, ~' , /0. By Lemma 3 . 2  

z~ is periodic, and by Lemma 3.3 zl and z2 commute. Hence, we may apply 

Theorem 2.1 and for every e > 0, find a non-singular point transformation z, 

such that 

Ix{x: ,~x # *2x} < 

and % is periodic and commutes with z2. By Lemma 4.2 of [2], the positive 

invertible isometry of Lp(X,~, l t )  defined by 

(d#  o , , ~ ' / '  
r , f =  (/o ~,) ~---aT-] 

is periodic, so that by Lemma 3.1, the contraction u, of Lp(X, ~',~) defined by 

~ = ~ r l f  + (1 - = ) T d  

admits of a dominated estimate with constant p/p - 1. 

Now the operators T~ approximate T= in the strong operator topology (see 

['4]), so the operators u, approximate T in the strong operator topology. The 

theorem now follows since if { Tn} and T are operators of L~,(X, .~, Ix) such that 

{T,} converges to T in the strong operator topology, and such that each T, 

admits of a dominated estimate with constant c, then T admits of a dominated 

estimate with constant c as well. 
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4. An application 

In this section we show that the convex combination of two positive invertible 

isometries of Lp(0, I), which are induced by point transformations Zk defined by 

ZkX = X k, admit of a dominated estimate with constant p /p  - 1. Here we cannot 

use Theorem 3.1 directly, because such isometries are not periodic. However 

Lemma 4.1 will show that we can approximate the two isometries simultaneously 

with positive invertible isometries that commute and such that one of them is 

periodic. 

LEMMA 4.1. Let z and a be two non-sin#ular point transformations of  

(0,1). I f  z and a are of the form 

a x  = X k 

zx = x t, k ~ l 

where k and l are positive real numbers, then given e > O, there exists non- 

singular point transformations z 1 and a 1 such that z 1 and al commute, 

~{x: alx # ax} < 8 

#{x: **x # ~x} < g, 

and one of z , , a ,  is periodic. 

PROOF. We will show that if k > 1, l > 1, then there exist commuting trans- 

formations a l , z l ,  such that 

**{x: a~x # ax} < 

~{x: a l 'X # a - i x }  < 8 

~{x: z~x # ,x} < 8 

#{x: ,~-*x # ~-*x} < 8. 

This will establish the assertion, since if k, say, is less than 1, we may approximate 

a -1 and z in this fashion by a,  and �9 and have ai-* commuting with , ,a1-1 

periodic if a 1 is, and 

~{x: aT*x # crx} < 8. 

Since k # l, we will assume with no less of generality that l < k. Let e be a positive 

real number less than 1 and such that 1 - c k <  8/2. Choose an integer n such 
k n that c k~-* < 8/2. Denote by A the interval (c k, 1), by B the interval ( 0 , c ) ,  and by 

k* k ~-*x D~ the intervals (c, c ). Note that for every i < n, aDi = D~+I. Then for 
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every i, we have z(D3 c Dz(..JDz+x for every i < n since z(D 3 = (clk', c Ik'-') 

C ( C k ' + ' , C k ' - ' ) = D z U D ~ + I .  For every m, l < m < = n ,  put E m = D m - z - l D , ,  

and Fm = Ds - zDm. Since z and cr commute, we have aE,n = Em+~, aFro = F,~+I 

for every m < n. Define zt by 

T1X = o . - n T o - - X x  

~--- X 

and a I by 

x a E  n 

x a A( . ]B  

otherwise 

(TIX = G - n x  X ~ D  n 

= x x ~ A U B  

= ox  otherwise. 

Then ax is periodic, and the following remarks show that t h and z~ are well 

defined and commute, establishing the assertion. 

1) zE ._  1 = F.,  z - " F .  = F l, so z I is well defined. 

2) If  x ~ A U B  U([_Jk"22Dk), there is nothing to prove. 
3) If  x ~ (D._ 1 - E . _ x ) ,  ax ~ (D. - E . ) ,  again there is nothing to prove. 

4) I f x  ~(Dn - E.), a l z x  = a-kzx ,  ZalX = Za-"X = a-"X. 

5) If  X e E._ l, ax ~ E.,  z x  e D., and 

"~lO'X X = ~lO'X = a-nq20"-I  x = 6 - n ~ x ,  

ty l ' t ' IX ~ 0"1"15 x ~ ~7-n'cx. 

6) If  x e E.,  z l x  e D 1 and O'aZlX = a ( a - " z a - I x )  = a -"zx ,  zaalx  = za -"x .  

THEOREM 4.1. Let  T be a contraction o f  Lv(O, 1) defined by  

T f  = a T l f  + (1 - a)T2L 0 < ~ < 1, 

where Ta and T2 can be represented by 

T i f ( x )  = f ( x  k') (k,x k'-  1)l/v, i = 1, 2. 

Then T admits  o f  a dominated  est imate with constant p i p  - 1. 

PROOF. If  kx = k2, the theorem follows from [4]. Otherwise, by Lemma 4,1 we 

may approximate T~ and T 2 in the strong operator topology by positive in- 

vertible isometries TI,, and T2,~ such that TI,, and 7"2.. commute and one of  

them is periodic. By theorem 3.1, the contractions T~ = aT1, ~ + ( 1 -  a)T 2 
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admit  o f  a dominated estimate with constant  p / p  - 1. But the contract ions T ,  

approximate T in the strong operator  topology,  so T admits  o f  a dominated 

estimate with constant  p / p  - 1. 
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